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1. Introduction
Let F be a ﬁeld, F∗ = F\{0} be its multiplicative group of units, and |F | be its cardinality. For a
subgroup G of F∗ and a positive integer r we put:
(i) G + G = {g + g′: g, g′ ∈ G};
(ii) G − G = {g − g′: g, g′ ∈ G};
(iii) r × G = {∑ri=1 gi: gi ∈ G for i = 1, . . . , r};
(iv) 0× G = 0.
In particular, 2 × G = G + G . Assume that G is of ﬁnite index n in F∗ . If n = 3, Leep and Shapiro
[12] proved that G + G = F holds for all ﬁelds F with |F | = 4,7,13, or 16. They conjectured that the
same conclusion holds if n = 5 and F is inﬁnite.
In [3], the ﬁrst author proved the following result:
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G − G = F.
Leep and Shapiro’s conjecture for ﬁelds F of characteristic 0 or suﬃciently large follows as a
corollary of Theorem 1. Indeed, just note that if n is odd, then (−1)n = −1 ∈ G , so G +G = G −G = F.
In general, even if G − G = F, the behavior of G + G is somewhat more complicated. In particular,
G +G = F if and only if −1 ∈ G . So, examples of G ’s such that G +G = F are not diﬃcult to construct.
Note that G − G = F implies G ⊆ G + G = 2× G ⊆ 3× G ⊆ · · ·. Let
P =
∞⋃
r=1
r × G
be the additive closure of G in F. We state a variant of a result from [3].
Proposition 2. Let n = [F∗ : G]. Assume that G − G = F and that −1 ∈ P . Then n × G ⊇ F∗ .
Proposition 2 leads naturally to the concept of additive dimension.
Deﬁnition 1. If [F∗ : G] = n, G − G = F and −1 ∈ P , then the additive dimension of G denoted by A(G)
is deﬁned to be the smallest positive integer d such that d × G = F .
Proposition 2 just says that under its hypotheses, the additive dimension of G exists and is
bounded above by 1+ [F∗ : G].
Deﬁnition 2. If A(G) = 1+ [F∗ : G], then G is said to have maximal additive dimension.
There are inﬁnitely many examples of subgroups of ﬁnite index in Q∗ with maximal additive
dimension (see [3]). Indeed, note that subgroups of ﬁnite index in Q∗ always occur as the kernel of a
homomorphism of Q∗ into a ﬁnite abelian group. For each prime p, let Z∗p the multiplicative group
of units modulo p. Let φp : Q∗ −→ Z∗p be the homomorphism from Q∗ to Z∗p determined by:
(i) φp(q) = q + pZ for all primes q = p;
(ii) φp(p) = 1+ pZ;
(iii) φp(−1) = −1+ pZ.
Let Gp be the kernel of φp . An explicit description of Gp is given by
Gp =
{
a
b
pm: a,b,m ∈ Z, gcd(ab, p) = 1 and a ≡ b (mod p)
}
.
It is not diﬃcult to verify that
A(Gp) = p = 1+
[
Q∗ : Gp
]
,
therefore Gp has maximal additive dimension.
Bergelson and Shapiro [2] extended Theorem 1. They showed that the conclusion G − G = F holds
true for any inﬁnite ﬁeld F. They also considered the problem for subgroups G of ﬁnite index in R∗ ,
the group of units of a ring R, and found various rings R for which the conclusion G − G = R holds
true (for example, when R is a ﬁnite-dimensional algebra over a ﬁeld). Rings R for which subgroups
G of ﬁnite index in R∗ satisfy G − G = R have since then been called G–G rings. In [2], it was noticed
that the examples of the subgroups Gp of Q∗ of maximal additive dimension given in [3] satisfy that
the property that the quotient group Q∗/Gp is cyclic. They concluded their paper with the following
question:
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In this paper, we obtain two different results. On the one hand, we give a positive answer to
Question 3.
Theorem 4. If G  F∗ has maximal additive dimension in F, then the quotient F∗/G cyclic.
On the other hand, we extend the examples of subgroups Gp of Q∗ to composite integers n and
look at the additive dimensions of the resulting groups Gn . That is, for each natural number n > 2,
we deﬁne the group Gn as the kernel of the homomorphism φn : Q∗ −→ Z∗n determined by:
(i) φn(q) = q + nZ for all primes q not dividing n;
(ii) φn(q) = 1+ nZ for all primes q dividing n;
(iii) φn(−1) = −1+ nZ.
An explicit description of Gn is given by:
Gn =
{
m
∏
p|n
pαp : m ≡ 1 (mod n) and αp ∈ Z for all p | n
}
.
In the above deﬁnition, m can be a rational number, and m ≡ 1 (mod n) means that m = a/b with
coprime integers a and b > 0 such that gcd(a,n) = 1 and a ≡ b (mod n). Note that Gn coincides with
the group Gp deﬁned above if n = p is an odd prime.
We look at the sequence of positive integers {A(Gn)}n2. Note that since A(Gp) = p for all primes
p, we conclude that limsupn→∞ A(Gn) = ∞. In contrast to the case of A(Gp), we prove that A(Gn) is
bounded on a set of n of asymptotic density 1.
Theorem 5. The set of positive integers n such that A(Gn) 92 has asymptotic density 1.
Section 2 of the paper is devoted to the proof of Theorem 4, and Section 3 to the proof of Theo-
rem 5.
We conclude this section with a brief survey on the topic.
Independently from Bergelson and Shapiro, Turnwald [17] showed that any inﬁnite division ring
F is a G–G ring. To obtain this result, he made use of a theorem of Hales–Jewett, while Bergelson
and Shapiro made use of Ramsey’s Theorem and amenability of abelian groups. Theorems of Van der
Waerden, Gallai, Hales–Jewett and Ramsey are all theorems of what is known as Ramsey Theory. The
application of Ramsey Theory to the study of the additive structure of multiplicative groups of ﬁnite
index was initiated in [3].
A series of papers using Turnwald’s extension (see [14–16]) by Segev and his collaborators subse-
quently appeared leading to the following result.
Theorem 6. Let D be a division ring which is ﬁnite over its center and let N be a normal subgroup of D∗ such
that D∗/N is ﬁnite. Then D∗/N is solvable.
2. The proof of Theorem 4
In this section, we will assume that G is a subgroup of ﬁnite index n in the multiplicative group
F∗ of a G–G ﬁeld F. We let m = n + 1.
We recall some elementary facts from [3].
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1. k × G ⊆ (k + 1) × G for all positive integers k.
2. k × G = (k + 1) × G if and only if k × G = P .
Proof.
1. This follows by induction on k using the fact that G − G = F and noting that k × G is a union of
cosets of G in F∗ (and possibly of 0× G = {0}).
2. This follows from the previous item and the deﬁnition of P . 
For the rest of this section, we will also assume that −1 ∈ P . Since F is a G–G ﬁeld, the above
condition is equivalent to P = F.
Proposition 8. Let G have maximal additive dimension in F. Then
1. for all k = 1,2, . . . ,m, the difference set k × G − (k − 1) × G equals ckG for some ck ∈ F. Moreover,
cm = 0.
2. There is a sequence g1, g2, . . . , gm of elements of G such that g1 +· · ·+ gm = 0. Additionally, any subsum
of k elements of any such sequence satisﬁes (gi1 + · · · + gik )G = ckG.
Proof.
1. From the second item in Proposition 7, we deduce that for each k from 1 to m the difference set
k×G − (k−1)×G is not empty. Thus, it must contains some element ck ∈ F, therefore it contains
ckG . In particular, the subsets ckG are pairwise disjoint and the union of the ﬁrst m − 1 of them
is F∗ . Thus, cm = 0.
2. Write {0} =m×G − (m−1)×G . In particular, 0 ∈m×G , which proves the ﬁrst part of the claim.
Now let g1, g2, . . . , gm be a zero-sum sequence of m elements of G , let Sk = gi1 + · · · + gik be a
k-subsum of the sequence, and let Sm−k = g j1 + · · · + g jm−k be the complementary m− k-subsum
of the same sequence. Clearly, Sk ∈ k× G and Sm−k ∈ (m− k)× G . We claim that Sk /∈ (k− 1)× G .
Indeed, else 0 = Sk + Sm−k ∈ (k − 1) × G + (m − k) × G = (m − 1) × G , leading to a contradiction.
Thus, Sk ∈ k × G − (k − 1) × G = ckG , from where the desired result follows. 
We are now ready to prove Theorem 4.
Proof of Theorem 4. We ﬁrst prove that m is prime, and then show that the map F from the group
Z∗m of units modulo m into the quotient group F∗/G deﬁned by F (k (mod m)) = ckG is a group
isomorphism. The result then follows by the well-known fact that Z∗m is cyclic when m is prime.
Let g1, g2, . . . , gm be a zero-sum sequence of m elements of G . Assume that m = kt is a nontrivial
factorization of m. Then
0=
m∑
i=1
gi =
t−1∑
j=0
kj∑
i=k( j−1)+1
gi =
t∑
j=1
ck g
′
j
for some g′j ∈ G for j = 1, . . . , t . It then follows that
0= ck
j=t∑
j=1
g′j ∈ ck(t × G),
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Hence, a contradiction. Thus, m must be prime.
To prove that F is an isomorphism reduces to proving that for all pair of integers 1 s,u <m, we
have
(csG)(cuG) = csu (mod m)G.
By the Division algorithm, we can write su = qm + r, where 0  r < m. By Proposition 8, we know
there exists g ∈ G such that g1 + · · · + gr = cr g . Since 0 = g1 + · · · + gm , we can write
cr g =
(
(g1 + · · · + gm) + · · · + (g1 + · · · + gm) + (g1 + · · · + gr)
)
g,
where q strings of the zero-sum sequence are used. Since su = mq + r, we can use the associative
property of the sum to rewrite it as a sum of u terms, each one being an s-subsum of the zero-sum
sequence. Again by Proposition 8, each of these s-subsums lie in csG , so cr g = cs(g′1 + g′2 + · · · + g′u),
where all the g′i are in G for i = 1, . . . ,u. The desired result follows by showing that (g′1+· · ·+ g′u)G =
cuG , and this can be done by induction on u. 
3. The proof of Theorem 5
Throughout this section, we use the Landau symbols O and o and the Vinogradov symbols  and
 with their usual meaning. Recall that the notations A = O (B), A  B and B  A are all equivalent
to the fact that |A| < cB holds with some positive constant c, while the notation A = o(B) means
that A/B → 0 as the input tends to inﬁnity. We use p, q, r with or without subscripts to denote
prime numbers, and , m, n to denote positive integers. For a subset A of the natural numbers and
a positive real number t , we put A(t) = A ∩ [1, t]. We write π(t) for the number of primes p  t ,
and π(t;a,b) for the number of primes p  t in the arithmetic progression a (mod b).
3.1. Preliminary results
We need the following results. Recall that the positive integer m is called squarefull if p2 | m
whenever p |m. We write P (n) for the largest prime factor of n with the convention that P (1) = 1.
Lemma 9. Let 2 z y  x. The following estimates hold.
(i) The set of positive integers n x such that m | n for some squarefull m > z is of cardinality O (x/z1/2).
(ii) The set of positive integers n  x such that there exist two prime divisors p1, p2 of n in [z, y] such that
p1 − 1 and p2 − 1 are multiples of a prime q > (log log y)3 is of cardinality O (x/ log log y).
(iii) The set of positive integers n x not divisible by any prime p ∈ [z, y] is of cardinality O (x(log z)/ log y).
(iv) The set of positive integers n  x divisible by a prime p ∈ [z, y] and by a prime q < log log z whose
multiplicative order modulo p is < p9/20 is O (x(log log log z)2/z1/10).
(v) The set of n x divisible by a prime p such that p − 1 has a divisor
d > exp
(
(log log log y)2
)
with P (d) < (log log y)3 is O (x/(log log y)100).
Proof. For (i), let A = {m: m squarefull}. It is known (see, for example, Théorème 14.4 in [10]), that
#A(t)  t1/2. With the Abel summation formula, we get
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zmx
m squarefull
1
m
 #A(x)
x
− #A(z)
z
+
x∫
z
#A(t)
t2
dt  1
x1/2
+
x∫
z
dt
t3/2
 1
z1/2
. (1)
Now let n  x be as in (i). There exists m ∈ A exceeding z such that m | n. Fix m. The number of
possible multiples n x of m is at most x/m x/m. Thus, the totality of the positive integers n x
with property (i) does not exceed
∑
zmx
⌊
x
m
⌋
 x
∑
zm
1
m
 x
z1/2
,
where the last estimate above follows from (1).
For (ii), we recall that if 1 a  b are coprime integers, then the Brun–Titchmarsh Theorem (see
[8, Chapter 3, Theorem 3.7]), asserts that the inequality
π(t;a,b) 2t
φ(b) log(t/b)
holds uniformly for t > b. By Abel summation, the above estimate yields
∑
pt
p≡a (mod b)
1
p
 1
pa,b
+ O
(
log log t
φ(b)
)
(2)
uniformly for t > b, where pa,b is the smallest prime p ≡ a (mod b). When a = ±1, we have that
p±1,b  b − 1 φ(b), therefore the estimate
∑
pt
p≡±1 (mod b)
1
p
 log log t
φ(b)
(3)
holds for all b t (see also bound (3.1) in [7], or Lemma 1 in [1]).
Now assume that n  x is like in (ii). Let p1 and p2 be distinct prime factors of n  x such that
q | (p1 −1, p2 −1) for some prime q > (log log y)3. We ﬁx q, p1 and p2. Then the number of multiples
n x of p1p2 is  x/(p1p2). Thus, the number of n x appearing at (ii) is at most
∑
(log log y)3<qx
∑
zp1<p2y
pi≡1 (mod q), i=1,2
x
p1p2
 1
2
∑
(log log y)3<q
( ∑
py
p≡1 (mod q)
1
p
)2
 x
∑
(log log y)3<q
(log log y)2
q2
 x
log log y
,
where in the above chain of inequalities we used, aside from estimate (3), also the obvious estimate
∑
tq
1
q2

∞∫
t−1
ds
s2
 1
t − 1 
1
t
uniformly for t  2, with the choice t = (log log y)3.
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that n has no prime divisor p ∈ [z, y] is
 x
∏
zpy
(
1− 1
p
)
 x log z
log y
, (4)
where the last estimate follows from Mertens’ formula
∏
pt
(
1− 1
p
)
= e
−γ
log t
(
1+ O
(
1
log t
))
,
which is uniform in t , applied with both t = y and t = z.
For (iv), let us ﬁx q < log log z. For a prime p = q, let q(p) be the order of q modulo p. Let
Pq = {p: q(p) < p9/20}. We estimate #Pq(t) for t  x. We certainly have
2#Pq(t) =
∏
p∈Pq(t)
p 
∏
1it9/20
(
qi − 1)< q∑1it9/20 i < exp(t9/10 logq).
Thus,
#Pq(t)  t9/20 logq  t9/20 log log log z.
By the Abel summation formula, it follows that
∑
tpx
p∈Pq
1
p
 #Pq(x)
x
− #Pq(t)
t
+
x∫
t
#Pq(t)
t2
dt (5)
 (log log log z)
(
1
x1/10
+
x∫
t
dt
t31/20
)
 log log log z
t1/10
. (6)
Now we are ready to count the set described at (iv). We let q < log log z and let p ∈ [z, y] such that
pq | n and q(p) < p9/10. Then p ∈ Pq and pq | n. Fixing q and p, the number of multiples n x of pq
is  x/(pq). Thus, the cardinality of the set described at (iv) is at most
∑
q<log log z
∑
zpy
p∈Pq
x
pq
= x
∑
q<log log z
1
q
∑
zpy
p∈Pq
1
p
 x
∑
q<log log z
log log log z
qz1/10
 x log log log z
z1/10
∑
q<log z
1
q
 x(log log log z)
2
z1/10
,
where in the above chain of inequalities, we used, aside from inequality (5) with t = z, also the fact
that
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qt
1
q
 log log t (7)
(which follows, for example, from estimate (2) with a = b = 1), with the choice t = log z.
We ﬁnally look at (v). We may assume that y is suﬃciently large otherwise there is nothing to
prove. For a positive integer
m = pα11 · · · pαkk ,
where p1, . . . , pk are distinct primes and α1, . . . ,αk are positive integers, we write Ω(m) = α1 +· · ·+
αk for the total number of prime factors of m. Let n x be divisible by a prime p ∈ [z, y] with p − 1
divisible by a number d as in (v). We take a closer look at d. Put K := 1000 log log y and suppose
ﬁrst that Ω(d) > K . Let D = {d: Ω(d) > K }. Lemma 13 in [13] shows that uniformly in t , the estimate
#D(t)  (t log t)K
2K
holds. By Abel’s summation formula, it implies that
∑
d∈D
dt
1
d
 #D(t)
t
+
t∫
2
#D(s)
s2
ds  K log t
2K
+
t∫
2
K log s
2K s
ds  K (log t)
2
2K
(8)
holds uniformly in t  2. We now ﬁx d ∈ D(y), a prime p ≡ 1 (mod d) in the interval [z, y], and let us
count the number of n x which are multiples of d. The number of such numbers is  x/p x/p.
Thus, the number of n x contributing to the count of (v) having the above structure is at most
∑
d∈D
dy
∑
p∈[z,y]
p≡1 (mod d)
x
p
 x
∑
d∈D
dy
log log y
φ(d)
 x(log log y)2
∑
d∈D
dy
1
d
 xK (log log y)
2(log y)2
2K
 x(log y)
2(log log log y)3
2K
 x
(log y)100
,
where in the above estimates we used estimate (3) with b = d, estimate (8) with t = y, the minimal
order φ(d)  d/ log log y of the Euler function on the interval [2, y] (see, for example, Theorem 328
of [9]), as well as the fact that 2K  (log y)1000 log2  (log y)103 because log2> 0.5.
We next assume that Ω(d) < K . Since P (d) < (log log y)3, it follows that d < Y := exp((log log y)2)
for large y. Put also Z := (log log y)3 and observe that Z = (log Y )3/2. Put
Ψ (t, Z) = {d t: P (d) Z}.
It is known that the estimate
#Ψ (t, Z) t , where u = log t ,
exp(u logu + O (u log logu)) log Z
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in [4]). Note that for us this last inequality is satisﬁed for all t ∈ [T , Y ], where we put T :=
exp((log log log y)2). For our values of t we have that u > (log log log y)/3, therefore u logu >
105 log log log y once y > y0 is suﬃciently large. Hence, the estimate
#Ψ (t, Z)  t
(log log y)104
holds uniformly in t ∈ [T , Y ] provided that y > y0. With the Abel summation formula,
∑
TdY
P (d)<Z
1
d

Y∫
T
d(#Ψ (t))
t2
 #Ψ (Y , Z)
Y
+
Y∫
T
#Ψ (t, Z)
t2
dt
 1
(log log y)104
Y∫
T
dt
t
 log Y
(log log y)104
 1
(log log y)102
. (9)
Now we take a number d ∈ Ψ (Y , Z) with d > T , a prime p  y such that p ≡ 1 (mod d), and count
the number of multiples n x of p. This number is  x/p. Thus, the number of such numbers n is
at most
∑
TdY
P (d)<Z
∑
py
p≡1 (mod d)
x
p
 x
∑
TdY
P (d)<Z
log log y
φ(d)
 x(log log y)2
∑
TdY
P (d)<Z
1
d
 x(log log y)
2
(log log y)102
 x
(log log y)100
, (10)
where in the above estimate, we used estimate (9), estimate (3) with b = d, as well as the minimal
order φ(d)/d  (log log y)−1 of the Euler function on the interval [1, y]. 
Now let g > 1 be any positive integer. Recall that for distinct primes p and q, q(p) stands for the
multiplicative order of q modulo p. For a residue class λ modulo p and a positive integer m let
Jq,p,m(λ) =
{
(x1, . . . , xm) ∈
(
Z/q(p)Z
)m
: qx1 + · · · + qxm ≡ λ (mod p)}.
The following result is well known (see, for example, Lemma 7 in [5], or the inequality on the bottom
of page 23 in [11]).
Lemma 10. The inequality Jq,p,30(λ) > 0 holds for all λ whenever p > p0 and q(p) > p2/5 .
3.2. Proof of Theorem 5
Let x be large. We show that A(Gn)  92 for all n  x with the exception of a set of such n of
cardinality o(x) as x → ∞. We start by eliminating some integers n x.
Let n x be any positive integer. We may assume that n > x/ log x since there are only O (x/ log x)
positive integers failing this property. By Lemma 9(i) with z = log log log x, we may assume that
the largest squarefull divisor of n is < log log log x, since otherwise the number of n  x failing
this property is O (x/(log log log x)1/2). We let y1 = x, z1 = (log y1)10 = y2, z2 = (log y2)10 = y3 and
z3 = (log y3)10. Note that z3 = (log log log x+ O (1))10. We eliminate all integers n x satisfying one of
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shows that the number of such n is at most O (x/(log log log log x)1+o(1)) as x → ∞. We also eliminate
the number of n x having no prime factor q  z3. By (iii) of Lemma 9, the number of such positive
integers n x is O (x/ log log log log x).
Let n x be one of the remaining numbers and write
n =
∏
pαp ‖n
p∈(z1,y1]
pαp
∏
pαp ‖n
p∈(z2,y2]
pαp
∏
pαp ‖n
p∈(z3,y3]
pαp
∏
pαp ‖n
pz3
pαp := n1n2n3n4.
Note that for us n1, n2, n3, n4 are coprime any two, are all > 1, and n1, n2 and n3 are all three
squarefree. Let q be any prime factor of n4 and let i ∈ {1,2,3}. By (iii) of Lemma 9, if p | ni , then
q(p) > p0.45. Let
dp = gcd
(
p − 1,
∏
p′|ni/p
(
p′ − 1)).
By (ii) of Lemma 9, P (dp) < (log log yi)3, so by (v) of Lemma 9,
dp < exp
(
(log log log yi)
2)< (log yi)1/2 = z1/20i < p1/20 for all p ∈ [zi, yi]
and all i = 1,2,3. We put ep = q(p)/dp > p0.45−0.05 = p0.4. It is easy to see that if pp′ | ni , then ep
and ep′ are coprime. We also set
qi := q
∏
p|ni dp for i = 1,2,3.
We note that the order of qi modulo p is precisely ep > p0.4. By Lemma 10, it follows that there exist
integers xi,1,p, . . . , xi,30,p such that
30∑
j=1
q
xi, j,p
i ≡ −1 (mod p)
for all p | ni . Clearly, xi, j,p are deﬁned only modulo ep . Since ep and ep′ are coprime when both p = p′
divide ni , it follows, by the Chinese Remainder Lemma, that for each j = 1, . . . ,30, there is an integer
xi, j ≡ xi, j,p (mod ep) for all p | ni . Obviously, these integers satisfy
30∑
j=1
q
xi, j
i ≡ −1 (mod ni).
By noting that qi = qαi for some positive exponent αi , and writing yi, j = αi xi, j we get that
30∑
j=1
qyi, j ≡ −1 (mod ni)
for all i = 1,2,3.
Assume now that n4 < log log x/(log log log x)2 and that there exists a prime p4 > log x dividing n
such that p4 ≡ −1 (mod n4). In this case,
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φ(n) +
3∑
i=1
(n/ni)
φ(n)
30∑
j=1
qyi, j ≡ −1 (mod n),
therefore −1 ∈ 91Gn . Since Gn − Gn = Q, we get that A(Gn) 92, which is what we wanted to prove.
It remains to prove that for all n  x, n4 < (log log x)/(log log log x)2 and that p4 exists ex-
cept for a set of such n of cardinality o(x) as x → ∞. Let us assume that n is such that n4 >
(log log x)/(log log log x)2. Since the largest squarefull divisor of n is at most log log log x, it follows
that there exists a squarefree divisor d of n such that d > (log log x)/(log log log x)3 and P (d) < z3. Let
K = (log log log x)/(20 log log log log x). It then follows that for large x, d (hence, n) has at least K
distinct prime factors p < z3. Let p1 < · · · < pK  z3 be any K primes less than or equal to z3. The
number of n x multiples of p1 · · · pK is at most x/(p1 · · · pK ). Thus, the number of such n is at most
∑
2p1<···<pKz3
x
p1 · · · pK 
x
K !
( ∑
pz3
1
p
)K
 x
(
e log log z3 + O (1)
K
)K
 x
(log log x)1/20+o(1)
as x → ∞, where in the above estimates we used estimate (7) with t = z3, and the known inequality
K ! > (K/e)K which follows from Stirling’s formula.
Finally, assume that n4  U = (log log x)/(log log log x)2. Let us ﬁx n4. Let us count the number of
numbers n x such that n4 | n and n has no prime factor p ≡ −1 (mod n4) such that p > log x. Write
n = n4m. Then m  x/n4 has no prime factor p > log x which is ≡ −1 (mod n4). By the Brun sieve,
the number of such n x is
 x
n4
∏
log xpx/n4
p≡−1 (mod n4)
(
1− 1
p
)
 x
n4
exp
(
−
∑
log xpx/n4
p≡−1 (mod n4)
1
p
+ O (1)
)
. (11)
Now since n4  U  log t for all t ∈ [log x, x/n4] and all n4  U , it follows, by the Siegel–Walﬁz Theo-
rem (see, for example, page 133 in [6]), that the estimate
π(t;−1,n4) = π(t)
φ(n4)
+ O
(
t
exp(c2
√
log t)
)
holds uniformly in our ranges for t and n4. By Abel summation, we get that
∑
log xpx/n4
p≡−1 (mod n4)
1
p
= π(x/n4;−1,n4)
(x/n4)
− π(log x;−1,n4)
log x
+
x/n4∫
log x
π(t;−1,n4)
t2
dt
= log log(x/n4) − log log log x
φ(n4)
+ O
(
1
log log x
)
= log log x
φ(n )
− log log log x
φ(n )
+ O
(
1
log log x
)
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exp
(
−
∑
log xpx
p≡−1 (mod n4)
1
p
+ O (1)
)
 exp
(
− log log x
φ(n4)
+ 2 log log log x
)
 (log log x)2 exp
(
− log log x
φ(n4)
)
 (log log x)
2
exp((log log log x)2)
. (12)
Thus, for a ﬁxed value of n4 we have that the number of such n  x which are multiples of n4 and
for which p4 does not exist is, by estimates (12) and (11),
 x(log log x)
2
n4 exp((log log log x)2)
.
Summing up over all possible values of n4  (log log x)/(log log log x)2, we get that the number of such
n x does not exceed
x(log log x)2
exp((log log log x)2)
∑
1n4(log log x)/(log log log x)2
1
n4
 x(log log x)
3
exp((log log log x)2)
 x
log log x
,
which completes the proof of Theorem 5.
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